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Abstract

This paper presents two approaches for simultaneously the state and unknown input estimation of a nonlinear
system described by Takagi-Sugeno (TS) augmented models based on the unknown input observer under unknown
inputs and outputs. The state and the inputs are estimated simultaneously using unknown inputs proportional
integral (UI-PI) observers and unknown inputs proportional multiple integral (UI-PMI) observers. The sufficient
conditions for the augmented TS models and each proposed observer are formulated by the Linear Matrix Inequality
(LMI). An application based on manipulator arm actuated by a direct current (DC) motor is proposed to illustrate a
comparison between the two unknown input observers.
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1. Introduction
Over the last decades, a various significant research
activity has been focused on observer thesis for linear
and nonlinear systems [1-7].
This thematic plays an important role in systems
theory and control engineering. Generally, observers
provide states estimation of outputs and unknown
inputs [5], [8–12].
The state estimation of nonlinear systems
represented by Takagi-Sugeno (TS) models has received
a considerable attention and attracts a lot of
researchers in the last decades [5],[13-15].
TS structure advantages are purported due to its
simplicity, originates from the interpolation between
linear systems [5],[16-17].
Thus, analysis and design methods developed for
linear systems can be extended to nonlinear systems.
The stability problem analyses of TS systems and
observer synthesis have been studied in many works [1820] and the synthesis of TS systems observers for both
cases when the premise variables are measurable (MPV)
[5],[21], or when they are unmeasurable (UPV) [22][24], have been proposed.
In the context of state and unknown input estimation
for nonlinear systems described by TS models, [9] has
proposed an approach for the synthesis of PI observer
for decoupled Multiple Model, [25] has proposed UI-PI
observer with measurable premise variables (MPV) for
singular systems, and [26] has proposed UI-PI observer
with measurable premise variables (MPV).

However, PI observers can be used only if the
unknown inputs are constant over the time, or when the
variation of the unknown inputs are slow in respect to
the dynamic of the system.
To overcome this problem, proportional multiple
integrals (PMI) observers have been proposed to
estimate all unknown inputs derivatives. PMI observers
with MPV was proposed to estimate a large class of
signals described by polynomial form for descriptor
systems [27], PMI for Thau-Luenberger observer with
UPV [23], and an unknown input PI observer with
measurable premise variables [28].
The objective of this article is to design a new PI and
a new PMI observer based unknown input observers for
a nonlinear system described by TS models.
For this purpose, the proposed observers are used to
estimate both the state and unknown inputs. The
convergence conditions are derived in the linear matrix
inequalities form.
The paper is organized as follows:
−
section 1, is dedicated to the introduction;
−
section 2 presents the considered class of
nonlinear systems and the problem of the
unknown input estimation;
−
in section 3, the design of UI-PMI observers is
synthetized;
−
section 4 illustrates the obtained results using
a model of manipulator arm actuated by a DC
motor taking account the performances of the
two proposed observers.
−
finally, a conclusion and perspectives are given
in Section 5.
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2. Problem statement
The simultaneously estimation of states and
unknown inputs for nonlinear systems represented by
Takagi-Sugeno models can be solved by using the
unknown input proportional integral observers.
In case when the unknown inputs are constant or
have a slow variation, the UI-PI observers is sufficient,
but in the general case, for a better simultaneous
estimation of state and unknown inputs, the use of the
UI-PMI observers gives more accurate results.
As mentioned above, the synthesis problem of UI-PI
and UI-PMI observers when the premise variables are
measurable is solved. However, the synthesis of UI-PI
and UI-PMI observer premise variables are not
measurable is developed and proposed in this work.
In this section, the unknown inputs are assumed to
be constant, and the following assumptions and
hypothesis are often not restrictive:
A1. The system is stable.
A2. The signals
A3.

u (t ) , q(t ) are bounded.

q (t ) = 0 .

M

 x (t ) =  hi ( (t ) )Ai x(t ) + Bi u (t ) + Ei q1 (t )
i =1


 y (t ) = Cx (t ) + Eq2 (t )

(1)

The system can be written as:
M
 x (t ) = 
hi ( (t ) )Ai x(t ) + Bi u (t ) + Ei q1 (t )

i =1

 C p ,1 
 0 
 y (t ) =  p , 2  x(t ) +  p ,1  q 2 (t )
E 
C 


(2)

where:

C p ,1  R ( p−q )n and C p,2  Rqn .
q2 (t ) are unknown inputs.
The weighting functions

q1 (t ) and

hi ( (t )) must satisfy the

convexity conditions given by:

 hi ( (t ) ) = 1 and 0  hi ( (t ))  1
r

(3)

i =1

Consider the new state

g f that is filtered version of

y (t ) satisfying:
M

(4)

i =1

is a

 q (t ) 
q(t ) =  1  ,
q2 (t )
 Ai
Aai = 
p,2
 A fi C

0 
,
− A fi 

B 
Bai =  i  ,
0



Ca = C p ,1



0,

0 
A fi E q ,1 

The assumption (A3) is conventionally used for the
theoretical demonstration of the convergence of the UIPI observer, although in practice, we will find that we
can overcome this, by increasing the gains of the
observer in order to widen his bandwidth allowing thus
taking into account the neglected dynamics.
However, this causes an increase in sensitivity to
noise. The choice of the observer's gains is then
determined by the satisfaction of a compromise
between the robustness and the observer's performance
[23].
B. Unknown input PI Observer Synthesis
The unknown input PI observer is given by:
M
 z(t ) = 
hi (x(t ) )N i z (t ) + Gi u (t ) + Fi qˆ (t ) + LPi y (t )

i =1
 xˆ a (t ) = z (t ) + Hy (t )
~
M
q (t ) = −  hi (x(t ) )LIi  y (t ) − yˆ (t )
i =1
ˆ
 y (t ) = C a xˆ a (t )

p

dimensional stable matrix.

The augmented system is given as follows:
M

 x a (t ) =  hi ( (t ) ) Aai xa (t ) + Bai u (t ) + Eai q1 (t )(5)
i =1


 y (t ) = Ca xa (t )

(6)

N i (t )  R nn , Gi (t )  R nm , Li (t )  R n p is the gain
of the i th local observer, and H is a transformation
matrix.

LPi

represents the proportional gains and s the

proportional gain and

g f (t ) =  hi ( x(t ))− Af g f (t ) + Af y(t ) 

Af

 x(t )  ,
xa (t ) = 

 g f (t )

 Ei
E ai = 
0

A. Takagi-Sugeno system
Consider the TS systems having measurable premise
variables, with influence of unknown inputs:

where

with:

LIi

the integral gains of

LIi the

integral gains of the observer.
~(t ) denotes the estimation error of the unknown
q
inputs defined by :

~(t ) = q(t ) − qˆ (t )
q
The state estimation error is given by:

(7)
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e(t ) = xa (t ) − xˆa (t )

(8)

= (I − HCa )xa (t ) − z (t )

and its dynamic can be expressed as:
M

e =  hi ( x)P( Aai xa + Baiu + E ai q)
i =1

− N i z − Gi u − Fi qˆ − LPi y
with



(9)

 PA
Ai =  ai
 0

The convergence conditions of the state estimation
error and unknown inputs are obtained by using the
following Lyapunov quadratic function:

V (e(t )) = ea (t )T Xea (t ), X = X T  0
V (e(t )) = ea (t )T Xea (t ) + ea (t )T Xea (t )T

The expression (9) can be written as:

Using (16),

M

e(t ) =  hi ( x)( N i e + ( PAai − N i − K i Ca ) x
i =1

(10)

V (e(t ) )

(18)

can be written as:



M
V (e(t ) ) =  hi ( x(t ) ) ea (t )T ( AiT X + XAi
i =1



(19)

− C T K iT X − XK i C ea (t )

with

Ki = LPi − Ni H .

The derivative of the Lyapunov function is negative
if:

If the following conditions are fulfilled:

 P = I − HCa
 N = PA − K C
ai
i a
 i
 LPi = K i + N i H
G = PB
ai
 i
 Fi = PEai

AiT X + XAi − C T K iT X − XK i C  0, i  1,, M 
(11)

e(t ) =  hi (x(t ) )N i e(t ) + Fi q~(t )
M

(12)

i =1

The augmented dynamic system of the state
estimation error and the unknown inputs can be written
as follows:
M
~ (t ) = − 
q
hi (x(t ) )LIiCa e(t )

(13)

i =1

The augmented dynamic system of the state
estimation error and the unknown inputs can be written
as follows:

 Ni
ea (t ) =  hi ( x(t ) )
i =1
− LIiCa
M

Fi 
ea (t )
0 

(14)

 e(t ) 
ea (t ) =  ~ 
q (t )
M

i =1

Taking into account the change of variable (21) the
expression (20) becomes:

AiT X + XAi − C T WiT − Wi C  0

(22)

The gain of the observer is computed by:

K i = X −1Wi

(23)

The equation (22) allows formulating the following
theorem:
Theorem 1: The state and unknown inputs
estimation error between the unknown input observer
(6) and the TS system (5) converges asymptotically to
zero if there exists a symmetric and positive definite
Lyapunov
for all

X

matrix X = X T  0 and matrices

i  1,, M :

Wi
(24)

The gain of the observer is computed by:
(15)

Using (98), equation (14) can be written as follows:

ea (t ) =  hi ( x(t ))( Ai − K i C )ea (t )

(21)

AiT X + XAi − C T WiT − Wi C  0, i = 1,, M

where:

(20)

In order to solve the conditions (20) with the
classical LMI approaches, we consider the following
change of variables:

Wi = XK i

Then the state estimation error tends asymptotically
towards zero and if the following conditions hold then,
the equation (10) is reduced to:

with:

(17)

Its dynamic can be expressed as:

P = I − HCa

+ ( PBai − Gi )u + ( PEai − Fi )q + Fi q~)

Fi 
Ki 
, K i =   , Ca = C a 0

0
 LIi 

(16)

K i = X −1Wi

(25)

To improve the observer performance (6), the
dynamics of the TS fuzzy observers is chosen in such a
way that, it is substantially faster than that of the TS
fuzzy model (5).

92

ELECTROTEHNICĂ, ELECTRONICĂ, AUTOMATICĂ (EEA), 68 (2020), nr. 1

The eigenvalues of the linear models must be fixed
in a region S ( ,  ) defined in the complex plane as the
intersection of the left half-plane bounded by a line of
abscissa (−  ) and a disk of centre (0,0) and radius  .
The inequality (22) of the previous approach is
replaced by solving the following inequality [5] :

 −  X
AiT X − C T WiT 

0
− X
 XAi − Wi C

 A T X + XA − C T W T − W C + 2X  0
i
i
i
 i

(26)

The resolution of conditions (11) is carried out, as
indicated above in three steps:
From the first equation (11), the matrix
computed as follows:
T
 I p    I p   I p  
P H  =        
Ca   Ca  Ca  
T

where

Ip

H

is

(27)

(28)

From second and third equations (11), it is possible
to calculate:

(29)

3. Unknown Input PMI Fuzzy Observer Synthesis
In this section, the d derivative for the unknown
input is null and it’s assumed to be a bounded time
varying signal:
th

A4.

(30)

qˆi , i = 1,2,..., (d − 1)

are the estimation of the

(d − 1) first derivatives of the unknown input
q(t ) = 0 .
The state and unknown inputs estimation errors are:

After resolution of the inequality (24), the gains are
determined by the equation:

Gi = PBai
F = PE
 i
ai

 N i = PAai − K iCa
LPi = K i + N i H



where:

−1

is an identity matrix of full rank.

K i = X −1Wi



M
 z = 
h ( x) N i z + Gi u + Fi qˆ + LPi y
 i=1 i
 xˆa = z + Hy

 yˆ = Ca xˆa
M
qˆ = 
hi ( x) L0Ii ( y − yˆ ) + qˆ1
0

i =1
 M
hi ( x) L1Ii ( y − yˆ ) + qˆ 2
qˆ1 = 
i =1


M
qˆ d −2 =  hi ( x) LdIi−2 ( y − yˆ ) + qˆ d −1
i =1

M

qˆ d −1 =  hi ( x) LdIi−1 ( y − yˆ )
i =1


q ( d ) (t ) = 0

Generally, the unknown input satisfying the
hypothesis (A4) cannot be estimated with a good
precision with the using of UI-PI observer which requires
the condition that the unknown input is constant (
q (t ) = 0 ).
Then, unknown input PMI observer is more required
and more adequate for such problem, because the
estimation of the (d − 1)th derivatives of the unknown
input and gives a good precision [23].
Consider the unknown input proportional multiple
integrals observer for T-S systems:

e = x − xˆ ,

e0 = q − q̂0 , ed −1 = qd −1 − qˆd −1

The dynamics are given in the following form:
M
e = 
h ( x)(PAai − K PiCa )e + Fi e0 
 i=1 i
M


e
=
hi ( x) − K Ii0 Ca e + e1

0

i =1

M
e1 =  hi ( x) − K Ii1 Ca e + e2

i =1

M


e
=
hi ( x) − K Iid −2Ca e + ed −1

d
−
2

i =1
M

d −1
ed −1 =  hi ( x) − K Ii Ca e
i =1











(31)





The equations (31) can be rewritten in augmented
form as following:

(

) 

M
~
~ ~ ~
~
 =  h (x ) A
e
i
i − KiC e
i =1

where:

 PA

ai
 e 
 0
e 

 0 
 0
~
 e ,
e~ =  1  Ai =  

  
 0
ed − 2 



 0
 ed −1 

Fi 0  0 0 
0 I s  0 0 
0 0  0 0,

    
0 0  0 Is 

0 0
0 0 

(32)
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 K Pi 
 K0 
 Ii 
1
~ K  ~
K i =  Ii  C
= Ca
  
 K Iid −2 
 d −1 
 K Ii 

0  0

0

0

Figure 1. Manipulator arm actuated by DC motor

In the following, we are only interested with
~ (t ) :
particular component e(t ) and e0 (t ) of e

e
~
e  = C e
 0

m (t ) =  m (t )

k
k
B
 m (t ) = (1 (t ) −  m (t ) ) −  m (t ) + t u (t )

Jm
Jm
Jm


(
t
)
=

(
t
)
l
 l
 (t ) = − k ( (t ) −  (t ) ) − mgh sin ( (t ) )
1
m
l
 l
Jl
Jl


where:

I
C = n
0

I
C = n
Is
0
0

0: represents
dimensions.

null


0  0


0
Is
matrix

with

appropriate

Theorem 2: The estimation error of the state and
the unknown inputs between the unknown input
observer (30) and the TS system (5), converge
asymptotically to zero if there exists a symmetric and
positive definite Lyapunov
and matrices

Wi

for all

X

matrix X = X T  0

i  1,, M , such as:

~
~
~ ~
AiT X + XAi − Wi C − CWiT  0, i = 1,...,M

(33)

The gains of the observer are derived from:

~
Ki = X −1Wi

(34)

Proof: The proof of the theorem 2 is similar to the
proof of the theorem 1 by using the system (32) .
In the case when A4 is not satisfied i.e.

q d (t )

is bounded but then, we can consider the d th

derivative of

q(t )

as a perturbation (unknown input).

The additional component

qd

The mathematic model of the Manipulator arm
actuated by DC motor is giving by the following
equations:

is added in the state

vector.
4.Simulation results
Consider the nonlinear system consisting of an arm
actuated by a DC motor (see Figure 1), proposed in [29]:

(35)

where:
 m (t ) represents the angular position of the motor,

m (t ) its angular velocity,
1 (t ) is the angular position of the arm,
l (t ) is the angular speed of the arm.

The input of the system in this case is considered as
a step signal, and the initial conditions are
0 0 0 0T .

1
0
 0
− 48.6 − 1.25 48.6
A=
 0
0
0

19
.
5
0
−
1
.95




0

0
 0 

21.6
0 ,

B=
 0 
1



0
 0 



 m 
 0 .5 


  ,
0
 1 

,
m
f
(
x
)
=

x=
 
E
=


0
 1 
 0 


 
 
− 3.33 sin( x3 )
 1 
 0 
1 0 0 0
C=

0 1 0 0 

Using the nonlinear sector transformation approach
[23], a TS model representing exactly the behavior of
the model (35) is obtained as follows:
M

 x (t ) =  h1 (x(t ) ) Ai x(t ) + Bi u (t ) + Ei q(t )
i =1


 y (t ) = Cx (t )

with:

(36)
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1
0
 0
− 48.6 − 1.25
48.6
A1 = 
 0
0
0

0
− 22.83
 19.5

0
0 ,
1

0

1
0
 0
− 48.6 − 1.25 48.6
A2 = 
 0
0
0

0
− 18.77
 19.5

0
0 , B = B = B
1
2
1

0

It can be seen from figure 2 that the proposed UI-PI
observer provides an acceptable state estimation.
Figure 3 shows the state estimation error using the
UI-PI observer.

The dynamic of the system is affected by the
unknown inputs vector q(t ) and the weighting functions
depend on the first component

x3 (t ) of the state vector

x and are defined as follows:

z (t ) + 0.2172

1 (z (t ) ) = 1.2172

1 − z (t )
 2 (z (t ) ) =
1.2172


Figure 3. State estimation error with UI-PI observer

The simulation results obtained in Figure 3 show a
less quality in the state estimation of the considered
system; this is due to the non-satisfaction of hypothesis
(A3).
Figure 4 shows the unknown input and its estimation
obtained by using a UI-PI observer.

where:

z (t ) =

sin( x3 )
x3

According to the theorem 1, a PI observer is
synthesized taking account the unknown inputs given
by: q(t), which is the time varying signals with the
negligence of the fifth derivatives. Also, a PMI observer
is designed and synthesized according to the theorem 2,
with d = 5 .
The initial conditions of the Takagi-Sugeno model
are: x(0) = 1 0.5 − 0.5 0.25 , and the initial
conditions of the observers are null.
The obtained simulation results are depicted in the
following figures:

Figure 4. Unknown input estimation with UI-PI observer

A. Case 1 : Hypothesis (A3) is satisfied
Figure 2 presents the state estimation of the system
using the UI-PI observer.

The simulation results obtained in figure (4) show a
less quality in the unknown input estimation of the
considered system; this is due to the non-satisfaction of
hypothesis (A3).
Figure 5 shows the state estimation using the UI-PMI
observers.

Figure 2. State estimation with UI-PI observer

Figure 5. State estimation with UI-PMI observer
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The results of state estimation obtained by using the
UI-PMI presented in the figure (5) are better compared
by the results given by using the UI-PI observer.
Figure (6) presents the state estimation error using
the UI-PMI observer.

Figure 6. State estimation error with UI-PMI observer

In the general case when hypothesis (A4) is satisfied,
the simulation results obtained in figure (6) using UI-PMI
observer show a better quality in the state estimation
of the considered system compared with the results
given by the UI-PI observer.
Figure 7 shows the unknown input and its estimation
obtained by using the UI-PMI observer.

Figure 7. Unknown input estimation with UI-PMI
observer

In the general case the hypothesis (A4) is satisfied,
the simulation results show that the unknown input
estimation obtained in figure (7) are better compared
to the results given by using the UI-PI observer of the
considered system.
Figure 8 shows the unknown input estimation error
obtained using the UI-PI observer and the UI-PMI
observer.

Figure 8. The unknown input estimation error obtained

with UI-PI and UI-PMI observers.

The simulation results in figure (7) show that the
unknown input estimation using UI-PMI observer is

95

better compared to the unknown input estimation given
by the UI-PI observer.
5. Conclusion
In this paper, two new approaches have been
presented, for the synthesis of unknown input
proportional integral (UI-PI) observer and unknown
input proportional multiple integral (UI-PMI) observer.
The developed observers are dedicated for
simultaneously state and unknown input estimation of
nonlinear TS augmented systems.
The developed unknown input proportional integral
observer is interesting for the simultaneously estimation
of state and constant or slowly varying unknown inputs
compared to the unknown input proportional multiple
integral observers.
The UI-PMI observer is a good way to obtain more
precise estimation of states and unknown inputs in the
general case.
The convergence conditions of the state estimation
error are given in the LMI formulation
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